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Abstract. The twistor construction is applied for obtaining examples 
of generalized complex structures (in the sense of N. Hitchin) that are 
£NJ ' not induced by a complex or a symplectic structure. 
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1. Introduction 

The notion of a generalized complex structure has been introduced by 
N. Hitchin ^H]. It generalizes both the concept of a complex structure and 
that of a symplectic one and can be considered as the complex analog of 
the notion of a Dirac structure introduced by T. Courant and A. Wein- 
stein |1 11 112j to unify Poisson and symplectic geometries. The generalized 
complex geometry has been further developed by M. Gualtieri [TJj and has 
recently attracted the interest of many mathematicians and physicists, see, 
for example, El H El M HB d 113 E01 ED El E31 EH1 Ell ESI EH and the 
literature quoted there. 

| A generalized complex structure on a smooth manifold N is an endo- 

morphism J of the bundle TN © T*N satisfying the following conditions: 
(a) J 2 = —Id, (b) J preserves the natural metric < X + £,Y + rj >= 
l(Z(Y) +r](X)), X,Y G TN, £,77 € T*N, (c) the +i-eigensubbundle of J 
■ in (TN © T*N) C is involutive with respect to the bracket introduced by 

T. Courant If J satisfies only the conditions (a) and (6), it is called 

generalized almost complex structure. The integrability condition (c) is 
equivalent to vanishing of the Nijenhuis tensor of J defined by means of the 
Courant bracket instead of the Lie one. Every complex and every symplec- 
tic structure on TV induce generalized complex structures on TV in a natural 
way. Examples of generalized complex structures that cannot be obtained 
from a complex or a symplectic structure have been given in [H1I21E]- The 
main purpose of the present paper is to provide other examples of this type 
by means of the twistor construction. 

The twistor theory has been created by R. Penrose |28[ I29j to solve prob- 
lems in Mathematical Physics. The construction of a twistor space in the 
framework of Riemannian Geometry has been developed by M. Atiyah, N. 
Hitchin and I. Singer %. Following the Penrose ideas, they have defined a 
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natural almost complex structure on the twistor space of an oriented Rie- 
mannian four-dimensional manifold and found its integrability condition. J. 
Eeells and S. Salamon Jl] have introduced another almost complex struc- 
ture on the twistor space of a 4-manifold which although is never integrable 
plays an important role in the harmonic maps theory. The twistor construc- 
tion has been generalized to any even-dimensional Riemannian manifold by 
L. Berard-Bergery and T. Ochiai 5 , N. O'Brian and J. Rawnsley |27j . P. 
Dubois- Violette JB], I- Skornyakov [HJ|. It has been extended to the class 
of quaternionic Kahler manifolds by S. Salamon |30j . L. Berard-Bergery 
(unpublished, see Sec. 14G], 0), C. LeBrun 

Let M be an even-dimensional smooth manifold. Following the general 
scheme of the twistor construction, we consider the bundle Q over M whose 
fibre at a point p G M consists of all generalized complex structures on 
the vector space T p M (i.e. endomorphisms satisfying conditions (a) and (b) 
above) which yield the canonical orientation of T p M © T*M. The general 
fibre of Q admits a complex structure (in the usual sense) and this fact 
allows one to define two natural generalized almost complex structures J\ 
and J2 on the manifold Q when the base manifold M is endowed with a 
linear connection. These are analogs of the Atiyah-Hitchin-Singer and Eells- 
Salamon almost complex structures. Suppose that the given connection is 
torsion-free. Under this condition, the main result of the present paper 
states that if dimM = 2, then the structure J\ is always integrable, while 
if dim M > 4, it is integrable if and only if the given connection on M is 
flat (i.e. M is an affine manifold). In contrast, the structure Ji is never 
integrable. The complex structure on the fibres of Q is Kahlerian with 
respect to a natural metric induced by the metric < , >. The corresponding 
Kahler form yields a generalized complex structure on the general fibre of Q 
and one can define two new generalized almost complex structures on 5. It 
is not hard to see that these structures are also never integrable. 



2. Generalized complex structures 

Let If be a n-dimensional real vector space and g a metric of signature 
(p,q) on it, p + q = n. We shall say that a basis {ei, e n } of W is orthonor- 
mal if ||ei|| 2 = ... = ||e p || 2 = 1, ||e p _|_i|| 2 = ... = ||ep+ 9 || 2 = —1. If n = 2m 
is an even number and p = q = m, the metric g is usually called neutral. 
Recall that a complex structure J on If is called compatible with the metric 
g, if the endomorphism J is g-skew-symmetric. Suppose that p = 2k and 
q = 21, and let J be a compatible complex structure on W. Then it is easy 
to see by induction that there is an orthonormal basis {ei, e n } of W such 
that e 2 i = Je 2 i-i, i = l,..,k + I. 

Now let V be a 2n-dimensional real vector space and V* its dual space. 
Then the vector space W = V © V* admits a natural neutral metric defined 
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by 

(1) <X + £,Y + r,>=±(S(Y)+n(X)) 

(we refer to ^7j for algebraic facts about this metric). 

Lemma 1. Let V be a 2n- dimensional real vector space and let {ei + r]i}, 
i = 1, ...,4n, be an orthonormal basis of the space V © V* endowed with the 
neutral metric Then e±, ..^e% n is a basis of V and 771, ...,??2n is a basis 
ofV* (similarly for e 2n +i, -,e 4n and 7?2n+l, -,774rJ- 

Proof. Assume that X^fc=i ^fc e fc = f° r some Ai, A 2n & K- Then we have 
Sfc=i ^kVii e k) = for every i = 1, ...,2n. Denote by P the matrix [77/ (e^)], 
1 < Z, k < 2n. Let I be the unit 2n x 2n-matrix. Then the matrix S = 
P — I is skew-symmetric since rji(ek) + Tjk(ei) = 25ik- Therefore (det P) 2 = 
det (P t P) = det (I — S 2 ). Let (3\, ...,/?2n be the eigenvalues of the symmetric 
matrix S 2 . Then 0k < since the matrix S is skew-symmetric. Thus 
(detP) 2 = II^ 1 (1 - /3 fe ) > 1, in particular det P ^ 0. Therefore all A fe ' s 
must be zero. 

□ 

Let {ei} be an arbitrary basis of a real vector space V and {ai} its dual 
basis, i = 1, 2n. Then the orientation of the space V © ^* determined by 
the basis {ej,aj} does not depend on the choice of the basis {ei}. Further 
on, we shall always consider V © V* with this canonical orientation. 

The next lemma is of technical character and will be used in the last 
section. 

Lemma 2. Let V be a 2-dimensional real vector space and let {Qi = ei+r]i}, 
1 < i < 4, be an orthonormal basis of the space V © V* endowed with its 
natural neutral metric Q. Then: 

e3 = aiiei + ai2e2 
e 4 = a2iei + 02262 

where A = [ajy] is an orthogonal matrix. If det A = 1, the basis {Qi} yields 
the canonical orientation of V© V* and if det A = —1 it yields the opposite 
one. 

Proof. According to Lemma ^ 

e-2, = onei + ai 2 e 2 and e\ = bn e 3 + 612 e 4 
e 4 = ai\e\ + 02262 c<i = 62163 + 62264 

where [bki] = [ajw] • Since the basis {Qi} is orthonormal, we have rji(ej) + 
Tjj(ei) = 0, i / j, 1 < i, j < 4 and r/i (ei) = 77 2 (e 2 ) = 1, 773(63) = 7?4(e 4 ) = -1. 
The latter identities and the identities 771 (63) +7/3 (ei) = 0, ??i(e4)+?74(ei) = 0, 
773 (e 4 ) + 774 (e 3 ) = imply 

ai27?i(e 2 ) + 6i277 3 (e 4 ) = 611 - an 
a227?i(e 2 ) - 6n773(e 4 ) = 612 - &21- 
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It follows that 




b 2 n +b 2 u = l. 



22 



1, ofj + a\ 2 = 1, al x + = I- 



Expressing by-i s in terms of a^i s, we get from and |2J) that 

(aiia 2 2 - ai2G2i) 2 = 1- 

It follows that the matrix A = [ajy] is orthogonal. 

To prove the second part of the lemma, let us denote by {en, 02} the dual 
basis of the basis {e±, e 2 } of V. Then 

rj\ = a\ + c«2, V3 = dnai + di2Ci2 
?7 2 = — cai + a 2 , r?4 = ^l^i + ^2202 
for some constants c and df-i- For the coefficients djy we have 



Thus, if we set c\\ = C22 = 1 and C12 = — C21 = c, then [d^/J = — [ofcj][qfc]. 
Set C = [cm] and let / be the unit 2 x 2-matrix. Then the transition matrix 
from the basis {e\, e2, a±, 02} to the basis {Qi, Q2, Q3, Qi} has the form 



The determinant of this matrix is equal to Adet A, which proves the lemma. 



A generalized complex structure on a real vector space V is, by definition, 
a complex structure on the space V ®V* compatible with its natural neutral 
metric ^5j. If a vector space admits a generalized complex structure, it is 
necessarily of even dimension [^j. We refer to |17j for more facts about the 
generalized complex structures. 

Examples |17| I18j. Let V be a 2n-dimensional real vector space. 

1. Let K be a complex structure on V and define a complex structure 
K* on V* by setting (K*a){X) = a(KX), a G V*, X € V. Then the 
endomorphism J on V © V* defined by J = K on V and J = —K* on V* is 
a generalized complex structure on V. This structure yields the canonical 
orientation of V © V* (the orientation induced by J is defined by means of 
a basis of the form Qi, JQ 2 , Q2n, JQ2n) ■ 

2. Let uj be a symplectic form on V (i.e. a non-degenerate 2-form). Then the 
map X — > %xoj is an isomorphism of V onto V*. Denote this isomorphism 
also by u and define a complex structure S on V ®V* by setting SX = u{X) 
and Sa = — uj~ 1 (a) for IgF and a € V*. Then S is compatible with the 
natural neutral metric of V © V*, so S is a generalized complex structure 



(in 

^21 
<^22 



%(ei) 
%(e2) 
»74(ei) 
^(e 2 ) 



»7i(e3) 



(an + cai 2 ), 
(-can + 012) 
(a 2 i + ca 22 ), 
(ca 2 i +a 2 2). 



/ C 
A -AC 1 



□ 
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on V. The structure S induces the canonical orientation of V © V* if and 
only if n = \divn V is an even number. 

Now let g be a metric on V (of any signature) and K a complex structure 
on V compatible with the metric g. Then the generalized complex structures 
J and S yielded by K and the 2-form u(X, Y) = g(KX, Y) commute. 

3. The direct sum of generalized complex structures is also a generalized 
complex structure. 

4. Any 2-form B G A 2 V* acts on V © V* via the inclusion A 2 V* C A 2 (V © 
V*) = so(V © V*); in fact this is the action X + £ -» i x B; X G V, £ G V*. 
Denote the latter map again by £>. Then the invertible map e B is given by 
X + £ — > X + £ + and is an orthogonal transformation of V © V*. Thus, 
given a generalized complex structure J on V, the map e B Je~ B is also a 
generalized complex structure on V, called the l?-transform of J. 

Similarly, any 2- vector (3 G A 2 V acts on V © V*. If we identify V with 
(V*)*, so A 2 V = A 2 (V*)*, the action is given by X + £ — ► G V". Denote 
this map by /3. Then the exponential map e' 3 acts on V (£>V* via X + £ — > 
X + + £, in particular e' 3 is an orthogonal transformation. Hence, if 
J is a generalized complex structure on V, so is e^Je~^. It is called the 
/3-transform of J. 

Let W be a 2m-dimensional real vector space equipped with a metric <7 
of signature (2p,2q), p + q = m. Denote by J(W) the set of all complex 
structures on W compatible with the metric g. The group 0(g) of orthog- 
onal transformations of W acts transitively on J(W) by conjugation and 
J(W) can be identified with the homogeneous space 0(2p,2q)/U(p,q). In 
particular, dimJ(W) = m 2 — m. The group 0(2p,2q) has four connected 
components, while U(p,q) is connected, therefore J(W) has four compo- 
nents. 

Example 5. The space 0(2,2)/f7(l, 1) is the disjoint union of two copies 
of the hyperboloid § = 1. It seems instructive to see this in the 

context of compatible complex structures. Let W be a 4-dimensional real 
vector space equipped with a neutral metric and ei,...,e4 an orthonormal 
basis of W. Set = ||ej|| 2 , k = 1,...,4, and define skew-symmetric endo- 
morphisms of W by setting S^e^ = £ki^ik e j ~ &kj e i)-, 1 < i,j,k < 4. Then 
the endomorphisms 

h = S12 — 5*34, Ji = S\2 + S34, 

h = 5*13 — S24, J2 = 5i3 + S24, 

^3 = S14 + S*23, J3 = S\4 — S*23 

constitute a basis of the space of skew-symmetric endomorphisms of W 
subject to following relations: I 2 = —Id, I 2 = I 2 = Id, J 2 = —Id, J| = 
t/g — Idy Iflg — Iglfy JfJg — JgJfy 1 ^ s ^ 3 cincl TfJg — IgJf^ 
1 < r, s < 3. Let X be a complex structure on W compatible with the 
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metric and let us set K = Yl r =l( x r-^r + Ur-Jr)- Then we have 

3 

(-2? + x\ + xf - y\ + y| + yf)I(2 + 2 ^ x r y s I r J s = -Id 

r,s=l 

Evaluating the latter identity at e%, e±, we see that 

— x\ + x\ + x\ — y\ + y\ + y\ = — 1 and x r y s = for r, s = 1, 2, 3. 

Therefore K 2 = —Id if and only if either x\ — x\ — x\ = 1 and yi = y2 = 
y 3 = or y\ - y\ - y\ = 1 and x x = x 2 = x 3 = 0. 

Consider J(W) as a (closed) submanifold of the vector space so(g) of 
g-skew-symmetric endomorphisms of W. Then the tangent space of J(W) 
at a point J consists of all endomorphisms Q £ so{g) anti-commuting with 
J. Thus we have a natural 0(g) - invariant almost complex structure /C 
on J(W) defined by ICQ = J o Q. It is easy to check that this structure is 
integrable. 

Fix an orientation on W and denote by J^{W) the set of compatible 
complex structures on W that induce ± the orientation of W . The set 
J (W) has the homogeneous representation SO(2p,2q)/U(p,q) and, thus, 
is the union of two components of J(W). 

Example 6. Under the notations of Example 5, let ei,e2,e 3 ,e4 be an 
oriented orthonormal basis of W. Then it is easy to see that J + (W) is the 
hyperboloid {J2 r =i x ^r '■ x\ — x\ — x\ = 1}. 

Further on, given an even-dimensional real vector space V, the set J + (V(B 
V*) of generalized complex structures on V inducing the canonical orienta- 
tion of V V* will be denoted by G(V). 

The group GL(V) acts onV @V* by letting GL(V) act on V* in the 
standard way. This action preserves the neutral metric (^Q) and the canonical 
orientation of U©U*. Thus, we have an embedding of GL{V) into the group 
SO(< , >) and, via this embedding, GL(V) acts on the manifold G(V) in 
a natural manner. 

A generalized almost complex structure on an even-dimensional smooth 
manifold N is, by definition, an endomorphism J of the bundle TN © T*N 
with J 2 = —Id which preserves the natural neutral metric of TN © T*N . 
Such a structure is said to be integrable or a generalized complex structure 
if its +i-egensubbunle of (TN © T*N) © C is closed under the Courant 
bracket [IB!- Recall that if X, Y are vector fields on N and £,77 - 1-forms, 
the Courant bracket is defined by the formula 

[X + £, Y + 77] = [X, Y] + C x r, - C Y t - ^d(t x rj - tY £), 

where [X, Y] on the right hand-side is the Lie bracket and C means the Lie 
derivative. As in the case of almost complex structures, the integrability 
condition for a generalized almost complex structure J is equivalent to the 
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vanishing of its Nijenhuis tensor N, the latter being defined by means of the 
Courant bracket: 

N(A, B) = -[A, B] - J[A, JB] - J[JA, B) + [J A, JB], A,Be TN © T*N. 

Example 7. Let J be a generalized almost complex structure on a manifold 
N and let B be a smooth 2-form on N. Then, according to Example 4, 
e B Je~ B is a generalized almost complex structure on N. The exponential 
map e B is an authomorphism of the Courant bracket (i.e. [e B (X e B (Y+ 
rj\ = e B [X + £, Y + rj\) if and only if the form B is closed [T7j . In this case 
the structure e B Je~ B is integrable exactly when the structure J is so. 

3. The twistor space of generalized complex structures 

Let M be a smooth manifold of dimension 2n. Denote by it : Q — > M 
the bundle over M whose fibre at a point p E M consists of all generalized 
complex structures on T p M that induce the canonical orientation of T p M © 
T*M. This is the associated bundle 

GL(M) x GL{2nm G(R 2n ) 

where GL(M) denotes the principal bundle of linear frames on M. 

Let V be a linear connection on M. Following the standard twistor con- 
struction, we can define two generalized almost complex structures and 
J 2 on the manifold Q in the following way: The connection V gives rise 
to a splitting V © TL of the tangent bundle of the associated bundle Q into 
vertical and horizontal parts. The vertical space Vj of Q at a point J G Q 
is the tangent space at J of the fibre through this point. This fibre is the 
manifold G(T p M), p = ir(J), which admits a natural complex structure 
JC defined in the previous section and we set = (— l) a+1 /C on Vj and 
J? = (-l) a /C* on V}, a = 1,2. Thus J?U = (-1) Q+1 J o U for every 
U £ Vj ((7 being considered as an endomorphism of T p M © T*M) and 
{J^u){U) = (— l) Q w(Jo U) for uj € Vj. The horizontal space Hj is isomor- 
phic via the differential ir*j to the tangent space T p M,p = vr(J). Denoting 
tt*j\TC by 7Pft, we define on Hj © 7Y} as the lift of the endomorphism J 
by the map tt-j-i © (tt^ 1 )* . 

Remark. The fibre of Q at any point p G M contains generalized complex 
structures on T p M which do not preserve T p M as well as structures which do 
not send T p M onto T*M. This shows that the generalized almost complex 
structures structures and J 2 are not induced by an almost complex or 
a symplectic structure. 

Further the generalized almost complex structure will be simply de- 
noted by J a when the connection V is understood. The image of every 
A e T P M © T*M under the map vr^ 1 © vr^ will be denoted by A h . The 
elements of Tij, resp. V}, will be considered as 1-forms on TjQ vanishing 
on Vj, resp. Hj. 
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Let A(M) be the bundle of the endomorphisms of TM © T*M which are 
skew- symmetric with respect to its natural neutral metric < , >. Consider 
the twistor space Q as a subbundle of A(M). Then the inclusion of Q is fibre- 
preserving and the horizontal space of Q at a point J coincides with the hor- 
izontal space of A(M) at that point since the inclusion G(M. 2n ) C so(2n, 2n) 
is SO(2n, 2n)-equivariant. Let (U, x\, X2 n ) be a local coordinate system 
of M and {Qi, Qau} an orthonormal frame of TM © T*M on U. Set 
£fc = ||Qfc|| 2 , k = l,...,4n, and define sections Sij, 1 < i,j < An, of A(M) 
by the formula 

(4) SijQk = £k{$ikQj — $kjQi)- 

Then Sij, i < j, form an orthogonal frame of A(M) with respect to the 

metric < a,b >= —-Trace (a o b); a, b G A(M); moreover 1 1 5"^ ^ 1 1 2 = £j£j for 
i / j. Set 

xi(a) = xi o 7r(a), j/y(a) = e^j < a, S^- > 

for a <G A(M). Then {x u yij), 1 < / < 2n, 1 < i < j < An, is a local 
coordinate system of the manifold A(M). 
Let 

i<j oy v 

be a vertical vector of at a point J. It is convenient to set Vij = —Vji for 
i > j, 1 < i, j < An. Then the endomorphism V of T p M © T p *M, p = 7r(J), 

is determined by VQi = Ylj=i £ i v ijQj- Moreover 

(5) J a V= {-l)^^Y,v ik y kj e k ) — . 

i<j k=i ayij 

Note also that, for every A G T p M © T^M, we have 

4n 4n 

(6) A h = £(< A Qi > ^YiQ h i and J a A h = £ (< A, Q, t > o^) yij Q). 

i=l i,j=l 

For each vector field 

i=i 

on {/, the horizontal lift X h on 7r _1 (?7) is given by 

2n „ „ 

(7) X h = J2(X l ott)—-Y,Y1 W< V ^ > o?r ) £ ^ ' 



k=l 1 i<j p<q m3 

where V is the connection on A(M) induced by the given connection on M. 
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Let a G A(M) and p = n(a). Then Q implies that, under the standard 
identification of T a A(M) with the vector space of skew-symmetric endomor- 
phisms of T p M © T*M, we have 

(8) [X h ,Y h ] a = [X,Y] h a + R(X,Y)a 

where R(X,Y)a is the curvature of the connection V on A{M) (for the 
curvature tensor we adopt the following definition: R(X,Y) = V\x,Y] ~ 
[V X ,Vy]). 

Notations. Let J G Q and p = 7r(J). Take an oriented orthonormal basis 
{ai, a4 n } of T p M © TpM such that 02/ = Ja,2i-i, I = 1, .., 2n. Let {Qi}, 
i = 1, 4n, be an oriented orthonormal frame of TM©T*M near the point 
p such that 

Qiip) = ai and VQi\ p = 0, i = I, ...,4n. 
Define a section s of by setting 

sQzi-i = Q21, sQ 2 i = -Q21-1, I = 1) -, 2n. 
Then, considering s as a section of A(M), we have 

s(p) = J, Vs| p = 0. 

Thus X 1 } = s*X for every X G T p M . 

Further, given a smooth manifold N, the natural projections of TN(BT*N 
onto TiV and T*N will be denoted by tt\ and 7r2, respectively. 

We shall use the above notations throughout this section. 

To compute the Nijenhuis tensor of the generalize almost complex struc- 
ture J a , a = 1,2, on the twistor space Q we need some preliminary lemmas. 

Lemma 3. If A and B are sections of the bundle TM ®T*M near p, then: 

(i) [TT 1 (A h ),7T 1 (J a B h )]j = [TT 1 (A),7T 1 ( S B)] h J + RiTT^^^JB^J. 

(ii) [iri(J a A h ),iri(J a B h )]j = {7t 1 (sA),ir 1 (sB)} 1 } + R(tvx(J A),-kx(JB))J. 

Proof. Set X = m(A). By ©, we have X 1 } = Ei=i ^ (p) MJ ( J ) since 
VSij\p = 0, i,j = 1, ...,4n. Then, using ©, we get 

[X h ,K 1 {J a B h )] J = 

4n 

< B,Qi > p y ij (J)[X h ,n 1 (Q j ) h ]j + X p (< B,Qi ^yijiJKMQj)) 1 }. 

Moreover, s£? = < B,Qi > (y^- o s)Qj since (J a B h ) o s = (sB) h o s. 
Now formula (?) follows by means of ©• Similar computations give (ii). □ 

Lemma 4. Lei A and i3 be sections of the bundle TM © T*M near p ; and 
let Z G T p M, W G Vj. T/ien: 

(i) (£ 7ri(A , ) 7r 2 ( J B' l )) J = (A^t^B))). 
(ii) (£ 7ri(A , ) 7r 2 (J Q S' l )) J = (£ m(A) TT2(sB)) h j. 
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(Hi) 

(£ 7Tl{JaAh) ir 2 (B h ))j(Z h + W) = 
(£ MsA) ir 2 (B)) h j(Z h ) + (^(B)) P (^(WA)). 

(iv) 

(C ni{JaAh) 7r 2 (J a B h ))j(Z h + W) = 

(C MsA) TT 2 (sB)) h j(Z h ) + (-k 2 (JB)) p (^(WA)). 

Proof. Formula (i) follows from (JHJ). Simple computations involving (jfjj) and 
JHj) give (ii), (Hi) and (iv). □ 

The next lemma is also easy to prove by means of © and (JHJ)- 

Lemma 5. Let A and B are sections of the bundle TM ®T*M near p. Let 
Z G T p M and W G Vj. Then: 

(i) (d i7Tl{Ah) 7r 2 (B h ))j = (di MA) 7r 2 (B)) h j 
(ii) 

(dt 7ri(Ah) 7r 2 (J a B h ))j(Z h + W) = 
(di MA) <K 2 (sB)) h j(Z h ) + (n 2 (WB)) p (^(A)) 

(Hi) 

(di ni{JaAh) Tr 2 (B h ))j(Z h + W) = 
(d l7Tl(sA) 7r 2 (B)) h j(Z h ) + (tt 2 (B)) p (tq (WA) ) 

(iv) 

(di 7riiJaAh) 7r 2 (J a B h )) J (Z h + W) = 

(dt MsA) n 2 (sB)) h j(Z h ) + (n 2 (WB)) p (* x (JA)) + (n 2 (JB)) p (* x (WA) 

For any (local) section a of A(M), following ^H^, denote by a the vertical 
vector field on Q defined by 

(9) aj = a + JoaoJ. 

Let us note that for every J G Q we can find sections a x , a m , m = 4n 2 —2n, 
of A(M) near the point p = n(J) such that a x , ■■■^'dm form a basis of the 
vertical vector space at each point in a neighbourhood of J. 

Lemma 6. Let J G Q and let a be a section of A(M) near the point p = 
7r(J). Then, for any section A of the bundle TM © T*M near p, we have: 

(i) [in(A h ),a\j = (V^Jo)j 
(ii) [7r x (A h ), J a a]j = (-l) Q+1 Jo (V^a)j 
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(Hi) [vr 1 (J a A ?i ),a]j = (V M j A) a)j-Tri(a(A))'} 

(iv) [7n(J a A h ), J a a\j = [J o (V^a) j - tti((J o S)(A))*] 



^ id 

nates of ^4(M) introduced above 



Proof. Let a(Qj) = *}2j=i e i a ijQj, * = 4n. Then, in the local coordi- 



a = > a 

where 



d 



4n 

ay = ajj o 7T + yjfc(a fc ; o ir)yije k ei. 
k,l=l 

Let us also note that for every vector field X on M near the point p, in view 
of Q, we have 

[X h ,—]j = 0, X) = (J), (V Xp a)(Q0=E £ ^K)^ 

^ i=l 1 j=l 

since VQj| p = and V<5 y -| p = 0. Now the lemma follows by simple compu- 
tations making use of (JSJ) and JBJ. □ 

The proof of the next lemma is easy and will be omitted. 

Lemma 7. Let A be a section of the bundle TM © T*M and V a vertical 
vector field on Q. Then: 

(i) L V v 2 (A h ) = 0; i V K 2 (A h ) = 0. 
(m) £vn2(J*A h ) = ir 2 (VA) h ; i v n 2 (J a A h ) = 0. 

Notations. Take a point J € Q and fix a basis {U 2r ^i,U 2r = JiU 2r -\}, 
r = 1, 2n 2 — n, of the vertical space Vj. Now let us take sections a 2r -i 
of A(M) near the point p = n(J) such that a 2r ^\ = U 2r -i and Va 2r ^i\ p = 
0. Define vertical vector fields a 2r -i by ©• Then {a 2r -i,^Tia 2r -i}, r = 
1, 2n 2 — n, is a frame of the vertical bundle on Q near the point J. Denote 
by {(3 2r -i, {3 2r } the dual frame. Then (3 2r = J\fi 2r -\. 

Under these notations, identity (JHJ) and Lemmas |3] and El imply the fol- 
lowing 



Lemma 8. Lei A be a section of the bundle TM © T*M near the point 

7h 



p = 7r( J). XTien /or every Z E T p M and s, q = 1, 4ra 2 — 2n, we have 



(i) (^(AfcjAjjC^ + Off) = -/3 s (i?(7Tl(^),Z)J). 

(u) (^(^^/S^jCZ" + = -^(fl^CJA), Z)J). 

Proposition 1. Suppose that the connection V is torsion-free and let J € Q, 
A, Be T n(J) M © T* {J) M, V, W e Vj, tp,ip € V}. Tften: 
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N a (A h ,B h )j = -R(7r 1 (A),n 1 (B))J+(-l) a JoR(n 1 (A),7r 1 (JB))J 

(-l) a JoR( 7 T 1 (JA),TT 1 (B))J + R(TT 1 (JA),TT 1 (JB))J 

-I[l + (-l)> A)S , 
where lua,b * s the vertical 1-form on Q given by 

ua,b(W) = tt 2 (JA)(tt 1 (WB)) + 7t 2 (WB)(tt 1 (JA)) 
-it 2 (JB)(tt 1 (WA)) - tt 2 (WA)(tt 1 (JB)) 

for every W € Vj. 

(ii) 

N a (A h , V)j = [1 + (-1H((J o V)A) h j 

(Hi) 

N a (A h ,ip)j EHj®H*j and 
< n*N a (A h ,<p)j,B>= -y(N!(A h ,B h )j) 

-|[1 + (~l) a MJ O R(lTi(A),TTi(JB))J + J O R(ni(J A) , TT\(B))J). 

(iv) 

N a (V + <p,W + i/})j = 0. 

Proof. Set p = 7r( J) and extend the vectors A, B to (local) sections of TM(B 
T*M, denoted again by A, B, in such a way that VA| P = V-B| p = 0. 

Let s be the section of Q defined above with the property that s(p) = J 
and Vs| p = (s being considered as a section of A(M)). 

According to LemmasEHUandlSJ the part of N a (A h , B h )j lying in Hj®H*j 
is given by 

(H © H*)N a (A h , B h )j = (-[A, B] - s[A, sB] - s[sA, B] + [sA, sB]) 1 }. 

Note that we have Vtt 1 (A)\ p = tti(VA\ p ) = and V7ri(s,4)| p = ir 1 ((Vs)\ p {A)+ 
s(VA\ p )) = 0. Similarly, V7r 2 (^)| p = and Vir 2 (sA)\ p = 0. We also have 
Vtti(B)| p = 0, Vwi(sB)\ p = and Vir 2 (B)\ p = 0, Vir 2 (sB)\ p = 0. Now, 
since V is torsion-free, we easily get (7i © H*)N a (A h , B h )j = by means of 
the following simple observation: Let Z be a vector field and u a 1-form on 
M such that VZ| p = and Voo\ p = 0. Then for every T E T p M 

(£ z u)(T) p = (V z u})(T) p = and (di z uo)(T) p = (V T u)(Z) p = 0. 

By Lemmas |3 E] and the vertical part of N a (A h , B h )j is equal to 

VN a (A h ,B h )j = -R(7r 1 (A),7T l (B))J-J a R(7r l (A),7r l (JB))J 
-J a R(ir 1 (JA),Tr l (B)) + R(Tr l (JA),ir 1 (JB))J 
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The part of N a (A h ,B h )j lying in V} is the 1-form whose value at every 
vertical vector W is 

(V*N a (A h ,B h )j)(W) = 
-l[n 2 {JA)(ni(WB)) + n 2 {W B)(n x (J A)) 

+ (-l) a 7T 2 (B)(TT 1 ((J o W)A)) + (-l) a TT 2 ((J o W)A)fa(B))] 

+\[it 2 {JB){-K 1 (WA)) + 7t 2 (WA){tt 1 (JB)) 

+(-l) a ir 2 (A)(ir 1 ((J o W)B)) + (-l) a vr 2 ((J o W)B)(tt 1 (A))}. 

The endomorphism W of T p M © T*M is skew-symmetric with respect to 
the natural neutral metric and anti-commutes with J, so < J A, WB >= 

< (J o W)A, B >. This gives 

7r 2 (JA)(7Ti(WB)) + 7r 2 (WB)(7T 1 (J^)) = 

7r 2 (S)(vn((J o + vr 2 ((J o WL4)(7q(£)). 

It follows that 

V*N a (A\B h )j = -i[l + (-l) a ][7r 2 (.7A)(7ri(Wfl)) + 7r 2 (W J B)(7r 1 (JA)) 

-7r 2 (J J B)(7r 1 (^A)) - ir 2 (WA)(ir 1 (JB))}. 

This proves (i). 

To prove (ii) take a section a of A(M) near the point p such that a(p) = V 
and Vo| p = 0. Let a be the vertical vector field defined by ©. Then it 
follows from Lemmas El and that 

N a (A h , V)j = ±N a (A h ,a)j = ((J o V)A + (-If (J o V)A)j. 

To prove (in) let us take the vertical coframe {/3 2r _i, /3 2r }, r = 1, 2n 2 — 
n, defined before the statement of Lemma|Hl Set ip = ^s=i _2?1 (fsPs, G K. 
Let Ei,...,E 2n be a basis of T p M and £i,...,£ 2n its dual basis. Then, by 
Lemma |H1 we have 

(10) 

N a {A h ,<p)j = Et 2 i~ 2n VsN a (A h ,(3 s )j = 

Et\~ 2n Elli M[Ps(R(MA),E k )J) + (-l) a+1 (3 s (J o R^JAIE^J)}^)) 

+[p s (R(v 1 (JA),E k )J) - (-l) a + l ^(JoR( 7 r 1 (A),E k )J)}(J^ k ) h J }. 
Moreover, note that 

< B >= -CfcMB)) and < J^ k ,B>= - < £ k ,JB >= -l&fatfB)), 
therefore 

In In ^ 

Y J <Zk,B> E k = -7ri(fl) and ^ < J£ fc , B > E k = --tq(JB). 

k=l k=l 

Now (ra) is an obvious consequence of (fTU)) and formula (i). 
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Finally, identity (iv) follows from the fact that the generalized almost 
complex structure J a on every fibre of Q is induced by a complex structure. 

□ 

4. The integrability condition 

Theorem 1. Let M be a 2n- dimensional manifold and V a torsion-free 
linear connection on M. Let J a = , a = 1,2, be the generalized almost 
complex structures induced by V on the twistor space Q of M . Then: 

(i) If n = 1, the structure J\ is always integrable. 

(ii) If n > 2, the structure J\ is integrable if and only if the connection 
V is flat. 

(Hi) The structure J 2 is never integrable. 

Proof, (i) Let J G Q and let {Qi, Q 2 = JQi, Q3, Qa = JQ3} be an orthonor- 
mal basis of T p M © T*M, p = vr( J). By Proposition Q the Nijenhuis tensor 
Ni of J\ vanishes at the point J if and only if N\(Q\, Q3) = (in view of 
the fact that N^&E, F) = N X (E, J X F) = -JiN(E, F) for E, F G TQ). 
Let 7Ti(Qj) = ei, i = 1, ...,4. Then, according to Proposition^ 

NxiQi, Q3) = (l-R(e 1 ,e 3 )J + R(e 2 , e 4 )J] - J o [R(e u et)J + R(e 2 , e 3 )J]) h j. 

Both summands in the above formula vanishes since, by Lemma El e 3 = 
cos t e\ + sin t e 2l e^ = — sin t e\ + cos t e 2 for some t G M. 

(iz) Let dim M = 2n > 4 and assume that the generalized almost complex 
structure is integrable. Then, by Proposition ^ for every p G M, every 
(genuine) complex structure K on T p M and every X, Y G T p M we have 

R(X, Y)K + Ko R(X, KY)K + K o y)K - ETy)^ = 0, 

where i? is the curvature tensor of the connection V. The latter identity, 
as is well-known, is the integrability condition for the Atiyah-Hitchin-Singer 
almost complex structure on the twistor space of complex structures on 
the tangent spaces of M (see, e.g., |27( Theorem 1 or Theorem 3]). Then, 
according to the arguments of |27[ pp. 42 - 43] , there exists a bilinear form 
li on TM x TM such that 

(11) R{X, Y)Z = n(X, Y)Z - n{Y, X)Z + fi(X, Z)Y - fj,(Y, Z)X. 

Now let p G M and let {E%, E 2n } be an arbitrary basis of T p M. Denote by 
{rji, rj 2n } its dual basis. Let J be the complex structure on T p M © T*M 
for which JE^fc-i = ??2fc, JE 2 k = —r]2k-i, k = l,...,n. This structure is 
compatible with the natural neutral metric of T p M © T*M, so we get a 
generalized complex structure sending T p M onto T*M and vice versa (it is 
similar to the structure in Example 2, Section 2). If n is an even number, 
the structure J yields the canonical orientation of T p M (BT*M , hence J G Q. 
So, suppose that n is even and let X,Y G T p M. Then, by Proposition G](i), 
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we have R(X,Y)J = 0. The latter identity is equivalent to the following 
identities 

R(X, Y) mk - JR(X, Y)E 2 k-i = 0, R(X, Y) m -i + JR{X, Y)E 2k = 0, 
k = 1, n. It follows that for every Z 6 T p M, we have 

2[n(X, Y) - n{Y, X)] mk {Z) + n(X, Z) V2k (Y) - fi(Y, Z) V2k (X) 
+ f i(X,E 2k _ 1 )(JY)(Z) - fi(Y,E 2k ^)(JX)(Z) =0 

and 

2[fi(X, Y) - fi(Y, X)] V2k ^ (Z) + fi{X, Z) mk ^(Y) - ju(y, Z) mk ^ (X) 

E 2k )(JY)(Z) + fi(Y, E 2k ){JX)(Z) = 0. 
Let k ^ /, 1 < k,l < n, be two indexes. Putting X = E 2k _i, Y = 
E 2k , Z = E 2 i-i into the above identities, we get fJ*(E 2k -i, -E^j-i) = 
and n{E 2k , E 2 i-i) = 0; putting X = E 2k , Y = E 2k _ x , Z = E 2h we get 
n(E 2k -i,E 2 i) = and fj,(E 2k ,E 2 i) = 0. Moreover, setting X = Z = E 2i ^, 
Y = E 2k and X = Z = E 2 i, Y = E 2k into the first of the above identities, 
we obtain ^(E^z-i, -E^-i) = and fj,(E 2 i,E 2 i) = 0. Now take the basis 
E{ = Ex, E' 2 = E 3 , E' 3 = E 2 , E' A = E 4 ,...,E' 2n = E 2n . Then the identities 
H(E[,E' 3 ) = n(E%,E[) = give n{E x ,E 2 ) = fj,(E 2 ,Ex) = 0. It follows that 
^(E 2k -i,E 2k ) = n(E 2k , E 2k _i) = 0. Therefore \x = 0, thus R = by dTTJ) . 

Now assume that n = 2m + 1 is an odd number. Let X, Y € T p M be 
two linearly independent tangent vectors. Let {E\, E 2n } be an arbitrary 
basis of T p M with E\ = X, E 2 = Y. Denote by {771, ■■■,r] 2n } its dual basis. 
Let J be the complex structure on T p M © T*M for which JE 2k ^% = r] 2k , 
JE 2k = — rj2k-i, k = l,...,m, and JEi m+ i = Ei m+2 , Jr/4 m+ i = r}4 m+2 . 
Then J € Q and the preceding arguments show that 

R(X, Y)Ei = for % = 1, 4m. 

Applying the latter identity for the basis {E\, E 2 ,E Am+ i, E4 m+2 , E%, i?4 m }, 
we see that R(X, Y)E, lm+1 = R(X, Y)E 4m+2 = 0. It follows that R = 0. 

(m) Let J £ J and let {Qi,Q2 = JQi, Qin-l, Qin = JQin-i} be an 
orthonormal basis of T p M © T*M, p = tt(J). Define endomorphisms Sij of 
T V M®T*M by ®. Then F = 5i 3 - S" 2 4 is a vertical vector of Q at the point 
J and it follows from Proposition Q](n) that N 2 {E\, V)j = 2(Q A ) h j / 0. □ 

Remarks. 1. Concerning Theorem l(ii), let us note that that every flat 
torsion-free connection on a manifold induces an affine structure on it, i.e. 
local coordinates whose transition functions are affine. If, in addition, the 
connection is complete, then the manifold is the quotient of an affine space by 
a group of affine transformations acting freely and properly discontinuously 
on it (see, for example, |32]). 

2. The complex structure /C on the fibres of Q is Kahlerian with respect to 
the metric < a,b >= —-Trace (a o b). Let S be the generalized complex 
structure on the vertical spaces of Q induced by the Kahler form of Kahler 
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structure (J7", < , >) (see Example 2, Section 2). Then, given a connection 
V on M, we can define two new generalized almost complex structures I a 
on the twistor space Q by setting I a = (— \) a+1 S on V© V* and I a = J± (= 
J2) on H © 7i*, a = 1,2. It is easy to see that the structures X a are never 
integrable. Indeed, let us adopt the notations used in part (Hi) of the proof 
of Theorem ^ Then Lemma H3 implies that the projection of the Nijenhuis 
tensor Nj a (E^,V)j onto TLj is equal to {Qi) h J - 
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